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Crack-tip blunting under tensile loads and re-sharpening of the crack-tip during unloading is one of the basic mecha-
nisms for fatigue crack growth in ductile metals. Based on an elastic–perfectly plastic material model, crack growth com-
putations have been continued up to 700 full cycles by using remeshing at several stages of the plastic deformation, with
studies of the eﬀect of overloads or compressive underloads. Recent published analyses for the ﬁrst two cycles have shown
folding of the crack surface in compression, leading to something that looks like striations. The inﬂuence of mesh reﬁne-
ment is used to study the possibility of this type of behaviour within the present method. Even with much reﬁned meshes no
indication of crack surface folding is found here.
 2006 Elsevier Ltd. All rights reserved.
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A basic mechanism for the understanding of fatigue crack growth in ductile metals is that of crack-tip
blunting and re-sharpening (Laird and Smith, 1962; Pelloux, 1970; Suresh, 1991). This model gives part of
the explanation for crack growth under cyclic loading, but does not account for other important crack growth
mechanisms, such as eﬀects of corrosion, debris, damage evolution, etc.
Detailed numerical studies of crack-tip blunting under cyclic loading have been carried out in the last
few years (Gu and Ritchie, 1999; Tvergaard and Hutchinson, 2002), using ﬁnite strain plasticity to model
the large deformations around the crack-tip. These analyses have shown crack growth, and it has been
found that the purely ductile growth mechanism can ﬁt into the Paris power law for characterizing fatigue
crack growth (Paris and Erdogan, 1963). However, it was only possible to study the ﬁrst two or three full
load cycles, due to very strong mesh distortion in front of the crack-tip. Therefore, the numerical model
has been extended by incorporating remeshing techniques (Tvergaard, 2004), and thus crack growth by the0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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crack-tip opening displacement, CTOD, shows a transient behaviour, such that for many cycles initially
there is no crack closure at the tip when the minimum load is reached in each cycle, but subsequently
the growth pattern develops towards a steady-state, where closure occurs in each cycle. This adds to
the understanding obtained in earlier analyses of the possibility of crack closure during fatigue crack
growth (Fleck and Newman, 1988; Roychowdhury and Dodds, 2002). The remeshing technique has sub-
sequently been used to study the eﬀect of overloads and the eﬀect of compressive underloads (Tvergaard,
2005, 2006).
In the present paper results for much ﬁner meshes are shown to be able to discuss the mesh sensitivity of the
crack growth predictions by crack-tip blunting and re-sharpening. This relates to recent results of Levkovitch
et al. (2005), who also used remeshing techniques for a material described by crystal plasticity. Only the ﬁrst
two cycles were analysed by these authors, but the interesting diﬀerence is that they found surface folding
under compression, leading to something that looks like initiation of striation. It will be shown here that even
for the ﬁner meshes applied no surface folding was predicted.
2. Method of analysis
The specimen analysed is a center cracked plate (Fig. 1) subjected to a load at the ends with intensity q. By
using this full specimen, rather than conditions of small scale yielding, the solution automatically represents
the fact that the mode 1 singularity ﬁeld develops around the crack-tip when the crack opens, while when the
crack closes under compressive loading the stress state switches to uniaxial plane strain compression. The ini-
tial crack length is 2a, the initial width is 2w, the initial height is 2h, and the plate, with plane strain conditions
applied, has load-free sides. Due to symmetries only one quarter of the plate needs to be analysed numerically;
i.e. the region a 6 x1 6 w  a and 0 6 x2 6 h. The crack surface a < x1 < 0 is traction free, T1 = T2 = 0, as
long as the crack is open (u2 > 0 on the surface). However, if contact occurs at a point of the crack surface,
_u2 < 0 for u2 = 0, these conditions are replaced by the contact condition that the displacement normal to the
crack surface is zero, u2 = 0, and the tangential traction on the crack surface is zero, T1 = 0. The traction freeFig. 1. Plane strain center cracked panel.
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about to disappear, i.e. when _T 2 > 0 for T2 = 0.
For the center cracked plate under tensile loading the value of the stress intensity factor K1 is (Tada et al.,
1973)K1 ¼ cq
ﬃﬃﬃﬃﬃ
pa
p ð1Þ
where c ’ 1.19 for a/w = 0.5 and h/w = 2. When the value of K1 is speciﬁed in the following, this is the value
obtained from Eq. (1) when the applied load q is known, and thus a negative value of K1 represents the cor-
responding negative value of q, even though contact will have occurred on the crack surface, so that the mode
1 singularity ﬁeld is not relevant. In using (1) to calculate K1 the initial crack length is used here, as the dif-
ference from using the current crack length is negligible in the cases considered.
In all cases studied here, the specimen is initially stress free, with K1 = 0. Subsequently, the load at the ends
of the specimen is cycled between values qmax and qmin, corresponding to (K1)max and (K1)min. A reference
value K0 of the stress intensity factor is used to present the results, and a reference size of the plastic zone
at K1 = K0 is deﬁned asR0 ¼ 1
3p
K0
rY
 2
ð2ÞThe material is represented by non-hardening perfect plasticity, for which the hysteresis loop is not erased
by any number of cycles. J2 ﬂow theory with isotropic hardening would not be well suited to represent the
hysteresis loops, as a suﬃcient amount of hardening will completely suppress plastic yielding during cycling.
However, good agreement with experiments for a hardening material can be obtained by using special cyclic
plasticity models.
Finite strains are accounted for in the computations, using convected coordinates in a Lagrangian formu-
lation of the ﬁeld equations, in which gij and Gij are metric tensors in the reference conﬁguration and the cur-
rent conﬁguration, respectively, with determinants g and G, and gij = 1/2(Gij  gij) is the Lagrangian strain
tensor. The contravariant components sij of the Kirchhoﬀ stress tensor on the current base vectors are related
to the components of the Cauchy stress tensor rij by sij ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃG=gp rij. Then, in the ﬁnite strain formulation for a
perfectly plastic material with the Mises yield surface the incremental stress–strain relationship is of the form
_sij ¼ Lijk‘ _gk‘. The instantaneous moduli are speciﬁed in Tvergaard (2004) in terms of Young’s modulus E, Pois-
son’s ratio m, and the yield stress rY. The values of the material parameters used for the present analyses are
rY/E = 0.003 and m = 1/3.
The linear incremental ﬁnite element method used for the numerical solution is based on an incremental
version of the principle of virtual work, with the displacement ﬁelds approximated in terms of plane strain
8-noded isoparametric elements. A uniform 60 · 5 mesh region near the crack-tip has the total length ‘, with
the length ‘/4 ahead of the crack-tip and the length 3‘/4 behind the crack-tip (see Fig. 2). A reference length is
deﬁned as ‘0 = 0.00075a.
The remeshing procedure applied here is a plane strain version of a procedure ﬁrst introduced in a corre-
sponding axisymmetric programme by Pedersen (1998) and further developed by Tvergaard (1997). The pro-
cedure is explained in more detail in Tvergaard (2004).
A reference value K0 for the stress intensity factor K1 in mode 1 loading, is chosen such that the correspond-
ing value of the J-integral, J 0 ¼ K20ð1 m2Þ=E, satisﬁes J0/(rY‘0) = 0.3951. It then follows that the reference
value (2) for the size of the plastic zone at K1 = K0 is R0 = 15.72‘0. Thus, for (K1)max = K0 the reference length
for the plastic zone is much smaller than the crack length, R0/a = 0.0118.3. Model predictions
First, in order to illustrate the capabilities of the model, a computation presented in Tvergaard (2005) will
be brieﬂy discussed. Here the purely cyclic loading was speciﬁed such that the peak values of K1 according to
(1) are Kmax = K0 and Kmin = 0, corresponding to a load ratio R = Kmin/Kmax = 0. The number of full cycles
analysed was 700. For comparison, the same analysis was repeated, with one overload (K1)OV = 1.4K0 applied
Fig. 2. Initial mesh for cyclic crack growth analyses: (a) near-tip mesh and (b) one quarter of the specimen.
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near-tip region. Deformed crack-tip meshes are shown in Fig. 3 at the high peak 100, at the subsequent high
peak 101, where the overload is applied, and the following low peak, where there is clearly no crack closure atFig. 3. Deformed meshes at peak loads for (K1)max = K0, (K1)min = 0: (a) high peak No. 100, (b) high peak No. 101, at overload
(K1)OV = 1.4K0, (c) low peak No. 101, (d) high peak No. 150 and (e) low peak No. 150. The reference length ‘0 is shown as size-scale (from
Tvergaard, 2005).
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again occurs near the tip. The motion of the crack-tip between the high peak and the low peak in the same
cycle is due to the fact that the mesh plots are drawn with the location of the specimen center lines (Fig. 1)
ﬁxed in space, so that elastic deformations of the specimen during the cycle make the location of the crack-
tip move slightly back and forth, as shown in Fig. 3b and c or in Fig. 3d and e.
In Fig. 4a the predicted evolution of the cyclic crack growth Da vs. the peak number n is shown for the
purely cyclic loading and for the case where an overload is applied in cycle No. 101. The number of cycles,
N, is N = n/2, since each cycle has a high peak and a low peak. The case with the overload shows clearly
reduced values of da/dN immediately after the overload, and here the crack growth has stopped completely
around N = 500. The motion of the crack-tip between the high peak and the low peak, as mentioned above,
is the cause of the rather large thickness of the curves in Fig. 4a. The variation of the crack-tip opening dis-
placement, CTOD, during the cyclic loading is shown in Fig. 4b for the case with the overload. Due to sym-
metry, CTOD is twice the opening shown in Fig. 3, and the CTOD is here measured as the largest opening
within the range of the uniform mesh region near the tip. It was found in Tvergaard (2004) that there is an
initial transient stage, with no crack closure near the tip. In Fig. 4, the overload is applied after the end of
this transient stage, and it is seen that the overload leads to a new transient stage rather similar to that found
at the beginning of cyclic loading. Clearly, the numerical blunting re-sharpening model is able to predict some
of the features well known from experimental observations of fatigue crack growth.
The idea of using remeshing to better describe the blunting and re-sharpening mechanism during fatigue
crack growth has also recently been used by Levkovitch et al. (2005) for a material described by crystal plas-
ticity, but here the predictions diﬀer noticeably from those found in Tvergaard (2004, 2005, 2006). Already in
the ﬁrst cycle, starting from a sharp crack, these authors found some waviness on the surface of the blunted
crack-tip, which developed into a folding of the crack surface during the compression part of the cycle. Only
partial unfolding occurs in the tensile part of the next cycle and then, in the subsequent compressive part, a
strong fold develops again. What remains of such folds could develop into something that looks like striations
on the fatigue crack surface, but these analyses considered only the two ﬁrst cycles, so it is not possible to draw
clear conclusions. These authors have mentioned that similar results are found for isotropic plasticity.
One possible cause of the diﬀerence is that a ﬁner mesh was used by Levkovitch et al. (2005). To study this,
a computation for Kmax = 1.4K0 and Kmin = 0, already carried out in Tvergaard (2005), has been repeated with
half the element size in the near-tip region. These computations use a uniform mesh of length ‘ = 3‘0 in the
near-tip region, and the previous computations used a 60 · 5 uniform mesh, while the new computations use a
120 · 8 uniform mesh. The deformed ﬁner mesh is shown in Fig. 5 at high peak No. 1 and at low peak No. 1,
but these deformed meshes obtained by the present numerical procedure show no indication of folding of theFig. 4. Evolution of cyclic crack growth Da and crack-tip opening displacement CTOD vs. peak number n (where cycle number N = n/2).
Cyclic loading, (K1)max = K0 and (K1)min = 0, compared with case for one overload, (K1)OV = 1.4K0 in high peak No. 101: (a) Da vs. n and
(b) CTOD vs. n for the overload case (from Tvergaard, 2005).
Fig. 5. Deformed meshes at peak loads for (K1)max = 1.4K0, (K1)min = 0, with reﬁned 120 · 8 mesh in near-tip region: (a) high peak No. 1.
and (b) low peak No. 1.
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of the cyclic crack growth Da in Fig. 6 shows that there is a diﬀerence, in that the ﬁner mesh predicts a higher
rate of crack growth initially. Perhaps an explanation of the diﬀerence between Fig. 5 and the results of Lev-
kovitch et al. (2005) is that the new mesh in Fig. 5 was computed automatically at each remeshing, leading to a
smooth representation of the blunted crack surface, whereas in Levkovitch et al. (2005) the new mesh was cre-
ated manually. If folding at the crack surface is very sensitive to geometrical imperfections, this could explain
the diﬀerence. In Levkovitch et al. (2005) the crack surface folding was predicted already in the ﬁrst and sec-
ond cycles, whereas the computation in Figs. 5 and 6 was continued up to 500 full cycles, without predicting
any folding of the crack surfaces during the compressive parts of the cycles.
Remeshing is here taken to occur whenever the eﬀective strain increment Dee since last remeshing exceeds
0.3 in any integration point. Consequently, ﬁve remeshings have taken place between the two deformation
stages shown in Fig. 5.
In Fig. 6 the initial slope of the curve is da/dN  0.0056R0, which corresponds to about 3.5 times the length
D of an element in the ﬁne mesh region. Thus, if a striation was predicted it would be possible in this mesh toFig. 6. Evaluation of cyclic crack growth Da vs. peak number n (where cycle number N = n/2). Cyclic loading, (K1)max = 1.4K0 and
(K1)min = 0.
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yses. Around N = 500 the slope in Fig. 6 is much smaller, so that here less than one element length would
be available to represent a striation wave length. Thus, if striations had been predicted, they would have been
resolved by the ﬁne mesh during the initial part of crack growth, but after many cycles the waviness on the
crack surface would have disappeared as the crack advance per cycle became too small relative to the mesh
size.
An alternative way of creating a ﬁne mesh at the crack-tip is by still using the 60 · 5 uniform mesh, but by
choosing a smaller value of the length ‘ of the ﬁne mesh region. Such a computation with ‘ = ‘0 has been
carried out, for R = 0 as in Figs. 5 and 6, and the deformed meshes at the high peak and the low peak of
the ﬁrst cycle are shown in Fig. 7. In this case the element size is 2/3 times that in Fig. 5, but still the deformed
meshes in Fig. 7 show no indication of folding of the crack surface, leading to something like striations.Fig. 7. Deformed meshes at peak loads for (K1)max = 1.4K0, (K1)min = 0, with reﬁned 60 · 5 mesh of length ‘ = ‘0 in near-tip region: (a)
high peak No. 1 and (b) low peak No. 1.
Fig. 8. Deformed meshes at peak loads for (K1)max = 1.4K0, (K1)min = 0, with reﬁned 60 · 5 mesh of length ‘ = 0.667‘0 in near-tip region:
(a) high peak No. 1 and (b) low peak No. 1.
Fig. 9. Deformed meshes at peak loads for (K1)max = 1.4K0, (K1)min = 1.4K0, with reﬁned 120 · 8 mesh of length ‘ = 3‘0 in near-tip
region: (a) high peak No. 1. and (b) low peak No. 1.
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length ‘ of this region. This computation with ‘ = 0.667‘0 has been carried out for R = 0, and the deformed
meshes at the high peak and the low peak of the ﬁrst cycle are shown in Fig. 8. Again, it is seen that there is no
indication of folding of the crack surface, leading to something like striations.Fig. 10. Evolution of cyclic crack growth Da and crack-tip opening displacement CTOD vs. peak number n (where cycle numberN = n/2).
Cyclic loading, (K1)max = 1.4K0 and (K1)min = 1.4K0: (a) Da vs. n and (b) CTOD vs. n.
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respond to R = 0. Therefore, the computation in Figs. 5 and 6 has been repeated with Kmin = 1.4K0, as illus-
trated by the deformed meshes in Fig. 9 at the high peak and the low peak of the ﬁrst cycle. Clearly, the
deformed mesh in Fig. 9a is identical to that in Fig. 5a, but the mesh in Fig. 9b has been subjected to more
compression than that in Fig. 5b. Still, this has not resulted in folds on the crack surface. The computation has
been continued up to n = 100 (i.e. 50 full cycles), as illustrated in Fig. 10 by curves showing the evolution of
the cyclic crack growth Da, as well as the variation of the crack-tip opening displacement, CTOD, during the
cyclic loading. As in Fig. 6, the curves in Fig. 10a show that the ﬁner mesh gives a slightly higher initial value
of da/dN. Fig. 10b shows that crack closure in all of the ﬁne mesh region occurs at n  66, whereas for R = 0
this occurs at n  200. In the case of R = 1 the center of the crack experiences closure in each cycle from the
very beginning, since the crack is closed for K < 0 in the underlying elastic solution, but Fig. 10b shows the
behaviour near the crack-tip where eﬀects of plasticity dominate.
4. Concluding remarks
The numerical method used here to study fatigue crack growth by crack-tip blunting and re-sharpening
gives a realistic representation of various known features, as is illustrated in Figs. 3 and 4. Thus, plastic cycling
alone gives a reasonable amount of crack growth per cycle, crack closure at the tip is predicted in each cycle
after an initial transient stage, and an overload leads to a reduced crack growth rate, followed by crack arrest
during many cycles.
Folding of the crack surface that could lead to striations has been predicted in the recent paper by Levkov-
itch et al. (2005), in the ﬁrst few cycles, but has not been found by the present procedure. The analyses for
reﬁned meshes in the present paper have been carried out in an attempt to understand this diﬀerence. A mesh
sensitivity has been found in that the ﬁner meshes give a somewhat higher rate of crack growth initially. How-
ever, these ﬁner meshes have not shown any indication of folding at the crack surfaces, neither in the ﬁrst
cycles nor in many subsequent cycles. Based on this, it is expected that the diﬀerence may be due to diﬀerences
in the method used to generate new meshes, assuming that folding at the crack surface is very sensitive to geo-
metrical imperfections. In the present method the new mesh is computed automatically at each remeshing,
leading to a smooth representation of the blunted crack surface, whereas in Levkovitch et al. (2005) the
new meshes were less uniform, as they were created manually.
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